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Recently, in several theoretical investigations, amplitude nth-power squeezing has been studied
with n = 2, 3, 4, 5. In the present paper, we give a proposal for experimental detection of amplitude
nth-power squeezing using ordinary homodyning with coherent light for arbitrary power n and
discuss in detail its theory. The proposed scheme requires only repeated measurements of the
factorial moments of number of photons in the light obtained after homodyning, with various shifts
of phase of coherent light, and involves no approximations, whatsoever. This has advantage over
the method proposed by Shchukin and Vogel [Phys. Rev. A 72, 043808 (2005)] in that our method
requires only one beam splitter and only one photodetector, and also lesser number of repeatitions
of experiment with phase-shifted coherent light.
Keywords: Detection of squeezing, Amplitude nth-power squeezing, Higher-order squeezing, Homodyning,
Factorial moments of photon number, Quantum efficiency of photodetector.
I. INTRODUCTION
A single mode light has two components in quadrature
and the operators corresponding to these in quantum me-
chanics are non-commuting [1–3] and satisfy an uncer-
tainty relation. For classical optical fields, which have a
non-negative weight function in Sudarshan-Glauber diag-
onal representation [4], the variances of the quadrature
operators have equal lower bounds. Optical fields may
have a non-classical feature and variance of one quadra-
ture amplitude may be less than this lower bound at
the expense of increased variance for the other. This
non-classical feature, called squeezing, was studied ear-
lier in academic interest [5] but its importance has now
been understood because of its application to optical
communication [6], optical waveguide tap [7], gravita-
tional wave detection [8], interferometric techniques [9],
enhancing the channel capacity [10], quantum teleporta-
tion [11], quantum dense coding [12], quantum cryptog-
raphy [13], Nano-displacement measurement [14], optical
storage [15] and amplification of signals [16]. Genera-
tion of squeezed states has been reported in a variety of
nonlinear optical processes, e.g., multi-photon absorption
[17], degenerate parametric amplifier [18], free electron
laser [19], harmonic generation [20], degenerate paramet-
ric oscillation [21], degenerate four-wave mixing [22], de-
generate hyper-Raman scattering [23], resonance fluores-
cence [24], the single atom-single field mode interaction
[25], superposed coherent states [26], and nonlinear beam
splitter [27].
Squeezing is understood by writing the annihilation
operator aˆ in terms of the two hermitian quadrature am-
plitude operators Xˆ1 and Xˆ2 in the form, aˆ = Xˆ1+iXˆ2 or
Xˆ1 =
1
2 (aˆ
†+ aˆ), Xˆ2 = i2 (aˆ
†− aˆ) which gives [Xˆ1, Xˆ2] = i2
or 〈(∆Xˆ1)2〉〈(∆Xˆ2)2〉 ≥ 116 , where conical brackets de-
note expectation values and ∆Xˆ1,2 ≡ Xˆ1,2 − 〈Xˆ1,2〉. Xˆ1
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is said to be squeezed if 〈(∆Xˆ1)2〉 < 14 and Xˆ2 is said to
be squeezed if 〈(∆Xˆ2)2〉 < 14 .
Instead of considering Xˆ1 and Xˆ2 one can consider
the most general quadrature amplitude operator, Xˆθ =
Xˆ1 cos θ + Xˆ2 sin θ =
1
2 (aˆ
†eiθ + aˆe−iθ). The commu-
tation relation, [Xˆθ, Xˆθ+pi/2] =
i
2 , which gives uncer-
tainty relation, 〈(∆Xˆθ)2〉〈(∆Xˆθ+pi/2)2〉 ≥ 116 , then leads
to idea of squeezing of the general component Xˆθ when
〈(∆Xˆθ)2〉 < 14 . The non-classical nature of squeezing, is
clear from the fact that, for Sudarshan-Glauber diagonal
representation [4], ρ =
∫
d2αP (α)|α〉〈α|, we have
〈(∆Xˆθ)2〉 − 1
4
=
∫
d2αP (α)[Re{(α− α¯)e−iθ}]2 < 0,
α¯ ≡
∫
d2αP (α)α. (1)
Concepts of amplitude squeezing and phase squeez-
ing were introduced using (i) the uncertainty relation
〈(∆Nˆ)2〉〈(∆φˆ)2〉 ≥ 14 , where photon number opera-
tor and phase uncertainty were defined by Nˆ = aˆ†aˆ,
〈(∆φˆ)2〉 = [〈(∆Sˆ)2〉 + 〈(∆Cˆ)2〉]/[〈Sˆ〉2 + 〈Cˆ〉2] with
Cˆ + iSˆ = (Nˆ + 1)−1/2aˆ, [28] and (ii) the relation
〈(∆Nˆ)2〉 ≥ 〈Nˆ〉 for classical light, resulting in the def-
inition 〈(∆Nˆ)2〉 < 〈Nˆ〉 for amplitude squeezing and
〈(∆φˆ)2〉 < 1/4〈Nˆ〉 for phase squeezing. The terminol-
ogy, amplitude and phase squeezing, is widely accepted
and is described in text-books [29] and encyclopedia [30].
Squeezing of radiation has been generalized in a num-
ber of ways. In the first, Hong and Mandel [31] consider
even powers of difference between quadrature amplitudes
and its mean values, and the field is called squeezed to or-
der 2n whenever 〈(∆Xˆθ)2n〉 is less than its value for any
coherent state. This type of squeezing has been studied
by several authors [32]. Another generalization was in-
troduced by Hillery [33] for the lowest order (n = 2), and
by Zhang et al. [34] for n > 2. These authors consider
generalized quadrature operators obtained by separating
Hermitian and anti-Hermitian parts of the square or nth-
power of the annihilation operator and define squeezing.
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2Explicitly, in the general case, we define
Xˆ
(n)
θ =
1
2
(aˆ†neiθ + aˆne−iθ), (2)
which gives commutation relation
[Xˆ
(n)
θ , Xˆ
(n)
θ+pi/2] =
i
2
Wˆ (n), (3)
where
Wˆ (n) =
n∑
r=1
r!(nCr)
2aˆ†n−raˆn−r. (4)
The uncertainty relation,
〈(∆Xˆ(n)θ )2〉〈(∆Xˆ(n)θ+pi/2)2〉 ≥
1
16
〈Wˆ (n)〉2, (5)
therefore, leads to squeezing of Xˆ
(n)
θ when
〈(∆Xˆ(n)θ )2〉 <
1
4
〈Wˆ (n)〉. (6)
Since we can write 〈: (Xˆ(n)θ )2 :〉 = 〈(Xˆ(n)θ )2〉− 14 〈Wˆ (n)〉,
we have 〈: (∆Xˆ(n)θ )2 :〉 = 〈(∆Xˆ(n)θ )2〉 − 14 〈Wˆ (n)〉, where
double dots (: :) denote normal ordering of operators.
This tells that Eq. (6), which gives the definition of nth-
order squeezing, can also be written in the simpler form,
〈: (∆Xˆ(n)θ )2 :〉 < 0. (7)
This type of squeezing was called amplitude-squared
squeezing by Hillery [33] and nth-order squeezing by
Zhang et al. [34]. The spirit in this generalization of
squeezing is entirely different from that of lowest order
amplitude squeezing, as in the former the uncertainty
relations for generalized quadrature operators are used
while for the latter number-phase uncertainty relations
are used. Just after the publication of papers of Hillery
[33] and Zhang et al. [34], two papers of Zhan [35] used
the phrase “Amplitude Nth-Power Squeezing” for such
generalization and since then this phrase has been used
invariably in all later publications [36–45].
Amplitude-squared squeezing has been studied for an
anharmonic oscillator [36], the interaction between atom
and radiation field [37], mixing of waves [38], Kerr
medium [39], coherent states [40]. Also enhancement of
amplitude-squared squeezing is studied by mixing it with
coherent light beam [41]. Amplitude nth-power squeez-
ing for higher-order has been studied by several authors
with n = 3 [42], 4 [43], 5 [44], and for n = k [45].
It may be noted that since the Hong and Mandel’s con-
cept of 2nth order squeezing is not based on any uncer-
tainty relation, 2nth order squeezing can be obtained for
both Xˆθ and Xˆθ+pi/2 simultaneously [46]. Simultaneous
squeezing of Xˆ
(n)
θ and Xˆ
(n)
θ+pi/2 is however ruled out be-
cause of the uncertainty relations. Hillery also considered
a second type of amplitude squared squeezing by sepa-
rating (aˆ − 〈aˆ〉)2 into its Hermitian and anti-Hermitian
parts. A different type of amplitude nth-power squeezing
has been defined by Buek and Jex [47]. Other generaliza-
tions of squeezing involve multi-mode operators and their
commutation relations; the common examples being sum
and difference squeezing [48], spin squeezing [49], atomic
squeezing [50], and polarization squeezing [51].
Proposal for experimental detection of ordinary
squeezing was given by Mandel [52] using homodyning
with intense light with adjustable phase from a local
oscillator and measuring the number of photons and
its square in one of the outputs. Such homodyning
of squeezed light converts squeezing into sub-Poissonian
photon statistics [53] and the degree of squeezing is ob-
tained from measurements of expectation values of pho-
ton number operator and its square. Prakash and Kumar
[54] showed a similar conversion of fourth-order squeez-
ing into second-order sub-Poissonian photon statistics
and proposed a balanced homodyne method for detec-
tion of fourth-order squeezed light in the similar fash-
ion. Prakash and Mishra [55] extended the proposal
of ordinary homodyning for experimental detection of
amplitude-squared squeezing by measuring higher order
moments of number operator of mixed light with shifted
phases. They also studied higher-order sub-Poissonian
photon statistics conditions for non-classicality and dis-
cussed its use for the detection of Hong and Mandels
squeezing of arbitrary order. Prakash et al. reported re-
cently [56] an ordinary homodyne method for detection
of second type of amplitude-squared squeezing of Hillery
by measuring the higher-order moments of the number
operator in light obtained by homodyning with intense
coherent light. Another proposal for the detection of am-
plitude kth-power squeezing ([57] for k = 2, [58] for gen-
eral) by the measurements of the moments 〈aˆk〉, 〈aˆ2k〉
and 〈aˆ†kaˆk〉 has been given on a technique based on bal-
anced homodyne correlation measurement [57–59]. In
this method number of beam splitters and photodetectors
required increase with the increase in order of moments.
Also a very large number of repeated measurements with
phase shift ϕ of the local oscillator are required as evalu-
ation of Fourier transform of a function of ϕ is involved.
There is no experimental demonstration of any form of
higher-order squeezing in the literature. But proposals
for experimental detection of some higher-order squeez-
ing have been given [54–58].
We present here a proposal for experimental detec-
tion of amplitude nth-power squeezing for any arbi-
trary power n by using the ordinary homodyne detection
method. It may be noted that we work without taking
any approximation whatsoever like replacing operator for
coherent state by c-number or taking transmittance or re-
flectance of the beam splitter very small, and our method
requires only one photodetector and only one beam split-
ter.
3II. THE DETECTION SCHEME
Schematic diagram for proposed detection scheme,
shown in Fig. 1, contains the experimental outline and
also the conceptual meaning of quantum efficiency of the
experimental detector [2]. The beam splitter and ideal
detector placed inside dotted rectangle model the real
photodetector [2]. The signal represented by operator aˆ
is mixed using beam splitter with signal bˆeiϕ obtained by
shifting by ϕ the phase of signal from a local oscillator
represented by operator bˆ to give output signal cˆ and cˆ′
One of the output signals, say cˆ is detected. If the beam
splitter has transmittance T and we write t =
√
T and
as r =
√
1− T coefficients of transmission and reflection
for the amplitudes, respectively, we can write [3]
cˆ = taˆ+ rbˆeiϕ, (8)
with t and r real. Number operator of the mixed light is
then
Nˆc = cˆ
†cˆ = (taˆ† + rbˆ†e−iϕ)(taˆ+ rbˆeiϕ). (9)
In this model [2] of photodetector with quantum effi-
ciency η, the beam splitter mixes (i) input signal cˆ and
(ii) vacuum signal aˆv and one of the outputs dˆ given by
dˆ =
√
ηcˆ+
√
1− ηaˆv (10)
is detected by an ideal detector having 100% efficiency.
It is interesting to note that this model explains that the
detected counts, 〈dˆ†dˆ〉, are η times the incident number
of photons, 〈cˆ†cˆ〉, i.e.,
〈dˆ†dˆ〉 = η〈cˆ†cˆ〉 (11)
which is also obtained directly from Eq. (10). For facto-
rial moments of order n, we get similarly
〈dˆ†ndˆn〉 = ηn〈cˆ†ncˆn〉. (12)
The relationship for nth-power of photon number opera-
tor is not a simple one. This is one reason why we involve
factorial moments of photon number operator and not
powers of the photon number operator in our analysis
and result, as was done earlier [55].
For the setup under consideration, the observed facto-
rial moments of counts with phase shift ϕ is then
M (n)ϕ = η
n〈cˆ†ncˆn〉
= ηn
n∑
l,m=0
nCl
nCmt
2n−l−mrl+m
〈aˆ†n−laˆn−mbˆ†lbˆm〉ei(m−l)ϕ. (13)
If the local oscillator gives output in the coherent state
|β〉 with the complex amplitude β = |β|eiθβ and ob-
servations are done for M
(n)
ϕ for ϕ = kpi/n with k =
FIG. 1. Schematic diagram of detection of squeezing via or-
dinary homodyning.
0, 1, ..., 2n−1 we can easily find the values of observables
Pn ≡ 1
2n
2n−1∑
k=0
M
(n)
kpi/ne
ikpi
= (ηtr|β|)n[〈aˆ†n〉einθβ + 〈aˆn〉e−inθβ ], (14)
Qn ≡ 1
2n
2n−1∑
k=0
M
(n)
kpi/n
= ηnt2n
n∑
l=0
(nCl)
2(t−1r|β|)2l〈aˆ†n−laˆn−l〉. (15)
Eq. (14) gives a method for measuring 〈Xˆ(n)θ 〉 using θβ =
θ/n, but a method for measuring 〈Wˆ (n)〉 and therefore
for moments 〈aˆ†n−laˆn−l〉 is still to be desired. To achieve
this end, we can solve Eq. (15) for factorial moments of
photon number operator by iteration. This is done in
Appendix and it leads to
〈aˆ†naˆn〉 = η−nt−2n
n∑
s=0
Ks(
nCs)
2ηs(r|β|)2sQn−s, (16)
where Ks is defined by
Ks = −
s−1∑
l=0
Kl(
sCl)
2 with K0 = 1. (17)
Straight forward calculations lead to
P2n − P 2n + 2(ηtr|β|)2n〈aˆ†naˆn〉
= P2n − P 2n + 2
n∑
s=0
Ks(
nCs)
2ηn+s(r|β|)2(n+s)Qn−s
= 4(ηtr|β|)2n[〈: (∆Xˆ(n)θ )2 :〉 cos2(nθβ − θ)
+〈: (∆Xˆ(n)θ+pi/2)2 :〉 sin2(nθβ − θ) +
1
2
(〈∆Xˆ(n)θ ∆Xˆ(n)θ+pi/2〉
+〈∆Xˆ(n)θ+pi/2∆Xˆ(n)θ 〉) sin 2(nθβ − θ)]
=
{
4(ηtr|β|)2n〈: (∆Xˆ(n)θ )2 :〉, if (nθβ − θ) = 0;
4(ηtr|β|)2n〈: (∆Xˆ(n)θ+pi/2)2 :〉, if (nθβ − θ) = pi2 .
(18)
4This equation shows that amplitude nth-power squeezing
for any value of θ, defined by Eqs. (6) or (7), can be
detected by measurement of observables Pn, Qn, η, T and
|β|.
III. DISCUSSION OF RESULTS
We explained how Pn and Qn can be found from mea-
surements of 〈Nˆ (n)ϕ 〉 (see Eqs. (14) and (15). Mea-
surement of quantum efficiency η for a given detector is
somewhat tricky and requires use of spontaneous para-
metric down conversion [60]. If a photon of a large en-
ergy ~ω breaks to create two photons of energies ~ω1
and ~ω2 (with ω1 + ω2 = ω), the latter two photons
should give coincidence counts only ideally. If N pho-
tons break and the quantum efficiencies for modes ω1
and ω2 are η1 and η2 (both < 1), the experiment reg-
isters counts N1 = η1N,N2 = η2N and coincidence
counts Nc = η1η2N . The quantum efficiencies are then
η1 = Nc/N2 and η2 = Nc/N1.
Once η is determined for any detector, the detector can
be used to measure T and |β| easily.
It should be noted that as n increases the choice of θβ
becomes more sensitive and for detection of 〈: (∆Xˆ(n)θ )2 :〉, θβ is to be set as θ/n.
For n = 1, i.e., for ordinary squeezing detection was
first studied by Mandel [52] (see also references [29] for
homodyning). His formula is different from that obtained
from Eq. (18) after substituting n = 1. This is under-
standable as Mandel’s result is approximate, and is ob-
tained under the approximation, |β| >> 1/r >> 1, in our
notations. Also, for n = 2, i.e., for amplitude-squared
squeezing, the results of Prakash and Mishra [55] are dif-
ferent from the results obtained from Eq.(18) as their
results are also approximate, the same approximation
(|β| >> 1/r >> 1, in our notations) being used.
Another method for detecting amplitude kth-power
squeezing ([58]; see also [57]) has been proposed by
Shchukin and Vogel based on measurement of some corre-
lation functions from which the values of 〈aˆk〉, 〈aˆ2k〉 and
〈aˆ†kaˆk〉 can be inferred. The authors arranged several
beam splitters in d levels (rth level having 2r−1 beam
splitters and d being called the depth) between an en-
trance beam splitter and a sequence of 2d photodetec-
tors. Since an additional beam splitter is used before the
entrance beam splitter, total 2d + 1 beam splitters are
required. If k satisfies 2n ≥ k > 2n−1, for obtaining val-
ues of 〈aˆk〉 and 〈aˆ†kaˆk〉 depth d = n is needed, which
requires use of 2n + 1 beam splitters and 2n photodetec-
tors. For obtaining the values of 〈aˆ2k〉 obviously, depth
n + 1 and, therefore, 2n+1 + 1 beam splitters and 2n+1
photodetectors are required. In the method proposed in
the present paper, only one beam splitter and only one
photodetector is required. The Shchukin-Vogel method
proposes measurement of correlations with several phase
shifts ϕ of local oscillator. Since a Fourier transform of
correlations over ϕ is required for inferring the values of
moments 〈aˆk〉 and 〈aˆ†kaˆk〉, very large number of repeati-
tion of experiments with changed values of ϕ should be
required. It may be noted that in the method proposed
in the present paper only 4k repeatitions are required.
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Appendix
We can separate the 〈aˆ†naˆn〉 term on right hand side
of Eq. (15) and write
〈aˆ†naˆn〉 = η−nt−2nQn −
n∑
l=1
K0(
lC0)
2(nCl)
2
(t−1r|β|)2l〈aˆ†n−laˆn−l〉 (A.1)
with K0 = 1. In the first term in summation on the right
hand side we substitute for 〈aˆ†n−1aˆn−1〉 the expression
obtained from Eq. (A.1) using K0(
lC0)
2 = 1 and this
gives
〈aˆ†naˆn〉 = η−nt−2nQn
+K1(
nC1)
2(t−1r|β|)2[η−n+1t−2n+2Qn−1
−
n−1∑
m=1
(n−1Cm)2(t−1r|β|)2m〈aˆ†n−m−1aˆn−m−1〉]
−
n∑
l=2
K0(
lC0)
2(nCl)
2(t−1r|β|)2l〈aˆ†n−laˆn−l〉
with K1 = −K0(lC0)2. This can be simplified and writ-
ten as
〈aˆ†naˆn〉 = η−nt−2n[Qn +K1(nC1)2η(r|β|)2Qn−1]
−
n∑
l=2
[K0(
lC0)
2 +K1(
lC1)
2]
(nCl)
2(t−1r|β|)2l〈aˆ†n−laˆn−l〉. (A.2)
If we again substitute the first term in summation the
expression obtained for 〈aˆ†n−2aˆn−2〉 from Eq. (A.1) and
simplify, we get
〈aˆ†naˆn〉 = η−nt−2n[Qn +K1(nC1)2η(r|β|)2Qn−1
+K2(
nC2)
2η2(r|β|)4Qn−2]−
n∑
l=3
[K0(
lC0)
2 +K1(
lC1)
2
+K2(
lC2)
2](nCl)
2(t−1r|β|)2l〈aˆ†n−laˆn−l〉. (A.3)
5with K2 = −[K0(lC0)2 + K1(lC1)2]. If we go on doing
similar exercises we get required Eq. (16), where Ks is
defined by Eq. (17).
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